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"It is better to be a human being dissatisfied than a pig satisfied, better to be Socrates dissatisfied than a fool satisfied." Mill (1861) Utilitarianism. Only human being can argument about this.
Abstract:
In this last period, the critiques to the concept of “Optimality” have been increased. At the same time, new tools, connected with new methodologies of research, have been proposed.The aim of this article is to show how the explicit introduction of Heterogeneous Agent’s (HA) perspective in contrast of that of Representative Agent (RA) in the Optimal Taxation (OT) approach, can give rise to results that are different from the traditional ones.Given that often tax reforms are and were concerned largely with income taxation, an empirical investigation of optimum income taxation structures seems of interest.Of course, the OT is based on a theory of  distributive justice. This is especially true if we consider HA compared with RA.

The paper starts with a brief presentation of the Theories of Justice, followed by their prescriptions for distribution, as illustrated with their respective preferred points on a utility possibility frontier. After this general discussion, attention is shifted to OT. We present a survey of the macroeconomics of optimal taxation related to HA, and we look at some recent research which has left behind the concept of RA for optimal taxation.
Finally, we make a simulation based on HA, compare its result with that of RA’s based model, the case of HA and RA for OT are discussed and compared in the light of work of Naosumi Atoda & Toshiaki Tachibanaki (2001). Here, we are considering the Equation Based Modelling (EBM)
 opening the path to an Agent Based Modelling (ABM) in OT. We will discuss how the explicit introduction of Heterogeneous Agent (HA) perspective can give rise to results that are different from the traditional ones
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1 Introduction

1.1 The Optimal Taxation

In the vast macroeconomic literature on the optimal income taxation, the recommended criterion for action is essentially that of Rawlsian maximization. The big majority of the researchers
 has analyzed this problem in the setting of models of representative agent
 

The modern economic analysis of optimal taxation is basad on the celebrated result of Mirrlees (1971), Chamley (1985, 1986) and Judd (1985, 1987). It takes two distinct forms. One line of research emphasizes the effects of taxation on capital accumulation. A second branch of the literature focussed on “optimal income taxation”. While the optimum income taxation was the first aspect considered in OT it lost part of initial popularity. The issues of optimal commodity taxes and tax-benefit modeling efforts received relatively more attention, untill recently, when there has been a revival of the subject.
The effects of taxation on capital accumulation: there are many excellent survey (see Chari and Kehoe (1999); These authors re-take the idea that government maximizes the well-being of a representative household, that goes back up has the famous article of Ramsey (1927), and fit together it in a setting of dynamic analysis based on the neoclassic model of growth, that goes back to another famous article of Ramsey (1928). “The basic assumption is that a government faces a dynamic Ramsey problem: it needs to fund a stream of purchases over time using linear taxes on capital and labor income”
. The hallmark economic result of this literature is that, "in the representative agent’s models, the long-term rate of taxation on the capital income should converge toward zero". 

The literature focussing on “optimal income taxation”: important contributions to the theoretical development of this area, mainly based on the work of Mirrlees (1971, 1976) include Seade (1977) and the symposium articles in the Journal of Public Economics (March 1982). Diamond (1998) re-examined the theoretical implications of the original Mirrlees model and presented new insights into the nonlinearity of marginal tax rates. 
"Here, the government has access to nonlinear taxation. However, agents have fixed heterogeneous skill levels that are unobservable to others. The goal of taxation in this setting becomes (in part) one of transferring resources from the highly skilled to the less skilled in an efficient way, given that incomes but not skills are observable. An important lesson of this literature is the uniform commodity taxation theorem of Atkinson and Stiglitz (1976, 1980). It states that if utility is weakly separable between consumption and leisure, then, despite the presence of the incentive problem, it is socially optimal for all consumption goods to be taxed at the same rate." 
 This part of litterature is strictly connected with "mechanisms"
. In fact, starting from the presumption Agents will maximize, the end is to find the OT that maximize the Social Welfare. Therefore, OT could be considered a sort of "incentive mechanism".
1.2 The critiques to the concept of Representative Agent in Optimality.  

In this last period, the critiques on the concept of “Optimality” have been increased. We consider, among the main critiques to the OT, that most important is the implicit Alchian’s critique. This is directed to the capacity of agents to maximize. In fact, Alchian said that is the industry and not the single agent that is maximizing. Even if, this critique was largerly considered in managerial and businness litterature and underconsidered in intermediate micro-macro-economics, it is directed both to profit and utility optimization. As Alchian said: “In the following we shall discuss only profit maximization, although everything said is applicable equally to utility maximization by consumers.”
 As we have seen, Agent's Optimization is the core concept of Optimal Taxation. Then, the Alchian’s critique excludes the possibility of using the Representative Agent in OT. It is the characteristic of heterogeneity of agents on the market that let it possible to maxize. Therefore, the central idea of Optimal Taxation - that of a representative agent - becomes unfeasible. Ambler
 criticizes "the approach of representative agent for Optimal taxation throwing into question the plausibility of its predictions and its relevance for the conduct of the fiscal policy". As it is well know, the analyses of optimal taxation based on representative agents have produced interesting theoretical results. They had pushed the researchers to examine new hypotheses. “However, from the viewpoint of the positive analysis, the features of the optimal policies are very far from the observed behaviour”.
  Analougously Kirman
 highlights that “There is no more misleading description in modern economics than the so-called microfoundations of macroeconomics, which describe the behavior of the consumption or production sector by the behavior of one individual or firm” and Rosen (1976, 1978) “argued that individuals’ preferences are not necessarily identical”.

However, when Alchian formulated this critique, there was an operational limit in the existence of tools for dealing with optimization in a heterogeneous agent context.
1.3 Beyond the representative agent’s model

In part, the use of the paradigm of the representative agent is a necessary semplification imposed by the analitical tools of which researchers dispose. The stochastic and dynamic characteristics of the macroeconomic models and the fact that, often, they also are microfoundated implies that finding competitive balance of such models explicitly can be arduous. 

Recently, there were theoretical and technological innovations concerning the way to approach this sort of models with heterogeneous agents. The former concerns advance on the theory of dynamic programming; the latter concerns the technology of the numeric simulation. Therefore, it seems possible now to go beyond the paradigm of the representative agent. Rio-Rull
 describes in detail how to solve numerically the models with heterogeneous agents, and thanks to the developments of the microinformatics, the researchers can now study the behaviour of relatively complex models with easy. 
 So, this seems to permits to the macroeconomic theory to go beyond the paradigm of the representative agent. 

At present, new critiques are growing directed to the prevailing traditional naive way of economic modelling. As consequence, new tools and new methodologies of research have been proposed. These are centred on the concept of interactions among agents, and the way in which these interactions could change the mechanisms by which real agents choose. Interactions that are implicit or explicit direct consequence of the agents' heterogeneity. 
Such kind of interactions could give rise to the “emergence” of aggregate behaviours that will otherwise disregarded. The explicit consideration of the effect of such kind of interactions seems to be an important trend in the modern economics
. Kirman consider that "The basic underpinnings of most modern economic research and quantitative work is the general equilibrium model. In the macroeconomic literature, reference is invariably found to the equilibrium or natural rate, as is a discussion about how long it will take an economy to return to the equilibrium. The underlying assumptions of uniqueness and stability are clear, yet there is no theoretical justification for such assumptions. The problem seems to be embedded in an essential feature in economics, that of treating individuals as acting independently of each other. To argue in this manner suggests that once the appropriate signals are given, individuals behave in isolation and that the result of their behavior may simply be added together. Then, the equilibrium signals can be found." 
 These new tools, and new methodologies of economic analysis, could help to deeper explain the way in which economics works, and what “optimality taxation” implies. These tools have not been integrated already into the model of “optimality”. Therefore, even if the Alchian’s critique seems dated, it could be useful to reconsider its implication for optimal taxation. 
1.4 Different kind of heterogeneity

Different kind of heterogeneity are considered in the litterature of OT. At least, we can recognize 3 kind of it:

a) Different capability (like credit access); the most recent contributions in this area are the works by Aiyagari and McGrattan
 that consider difference in the liquidity constraints agents meet; Golosov, Kocherlakota and Tsyvinski
, that consider an environment in which agents’ skills are potentially multi-dimensional private stochastic information. Renström
, and Fleurbaey and Maniquet
, that consider a model where agents have unequal production skills and different preferences, assuming that skills and preferences are unobservable, and design optimal income tax schemes; Balestrino, Cigno, and Pettini
 which are interesed in “How are optimal taxation rules affected when households differ in their non-market, as well as in their market skills? Where income taxation is concerned, the policy prescription applying in the case where households are differentiated only by wage rate (namely, that high-wage households should be taxed more than low-wage households, but that marginal income tax rate on the former should be zero) may be reversed when there are also differences in household production skills. Such a reversal is not very likely, however, because there are efficiency gains in subsidizing households with a comparative advantage in non-market activities. Indeed, simulations with a wide range of parameter values show that redistribution is always in favour of low-wage households, and that the amount redistributed increases with the non-market skills of the latter. If households differ in both market and non-market skills, we also find that the introduction of indirect taxation alongside income taxation my be welfare-improving, because it helps relax the incentive constraint, even when the utility function is separable in labour. This contradicts the Atkinson-Stiglitz theorem. The shift from direct to indirect taxation/subsidization allows the optimal marginal rate of income tax on potential mimickers to be different from zero. This is confirmed by simulation experiments.” 
b) Age (as in the the overlapping generation models); the most recent contributions in this area are the works by Ambler and Renström. 
"Most overlapping generations models examine the impact on the well-being of exogenous changes of the fiscal policy, instead of posing a problem of maximization for the government. In spite of progress in the numeric techniques of simulation, it is again very difficult to solve the problems of maximization of the well-being in models as complex. Nevertheless, it is possible to make a rigorous analysis of the well-being and also of the intergenerational distribution of wealth with these models, in which the behaviour of the agents derives from a complete specification of their preferences. 

These models are often stochastic extensions of the model elaborates by Auerbach and Kotlikoff (1987), that modelized the dynamic effects of the fiscal policy with an overlapping generations model with perfect foresight. The Auerbach and Kotlikoff used technique of solution is not very well adapted to the stochastic models. James (1994) and Scarth (1999) elaborate some overlapping generations models for studying the impact on the well-being of several alternative strategies aiming to reduce the level of the public debt in Canada. Ventura (1996) constructs a overlapping generations model in order to analyze the consequences for the well-being of an uniform taxation rate on the income ("flat tax") to the United States"
. 

 “The OLG .… allows the distinction between intergenerational optimality and intragenerational optimality, and this helps in the interpretation of the results.” 
 Renström highlights that a distinction must be made between “dynastic” and “overlapping generations” economy and between “open loop” and recursive models. 
	Table 1: A taxonomy of studies of optimal taxation in overlapping generations economies

	
	Agents
	Population growth
	Model
	Taxes

	Diamond (1973) *
	differ in tastes
	constant
	Recursive1
	Linear on all commodities

	Ordover and Phelps (1979)*
	differ in abilities
	zero
	Recursive1
	non-linear on labour and capital

	Atkinson and Sandmo (1980)* 
	identical
	constant
	Recursive1
	Linear on labour, capital and consumption

	Park (1991) *
	differ in tastes and time endowments
	constant
	Recursive1
	linear on labour, capital and consumption

	Erosa and Gervais (1998)
	horizont of life
	N.C.
	
	

	Ambler (1999)* 
	
	
	
	government cannot commit

	Renström (2000) *
	differ in skills and tastes
	constant
	open loop and recursive2
	linear on labour, capital and consumption

	Ambler (1999) 
	
	
	
	

	1 The period-t government controlling taxes that affect current generation only, e.g. the labour tax in period t and the capital income tax in period t+1.

2 The period-t government controls either the taxes at time t, or the taxes at time t+1. 

* Work mainly on optimal capital income


There are some common characteristics of these studies.
 "(i) They are characterised by perfect competition and constant returns-to-scale in (aggregate) production. .....
(ii) Consumers are heterogeneous, not only with respect to age, but also in abilities (Ordover and Phelps) and tastes (Diamond). In Atkinson and Sandmo individuals only differ with respect to age.

(iii) Consumers live for two periods and have no bequest motives.

(iv) There is physical non-perishable capital, which initial level is greater that zero.
(v) Each government can only set taxes that affect only one generation at each point in time. "
c) Heterogeneous preferences. Two main contributions are in this area: Bassetto
 interested in how the intertemporal behavior of taxes affects the wealth distribution. In representative-agent models, it is optimal to smooth distortionary taxes. When tax liabilities are unevenly spread in the population, deviations from tax smoothing lead to a redistribution of wealth throught interest rate changes. Therefore there is a war among groups of different power. Vice versa, Naosumi Atoda & Toshiaki Tachibanaki
 try to find a nonlinear optimal income taxation structure assuming that individuals have heterogeneous preferences between income and leisure.
. 
The Stocastic Approach: A different possible approach to deal with OT in the case of heterogeneous agent could be originated by the works of Aoki. He highlights the necessity of using a Markow jump for analysing model based on heterogeneous agent when their heterogeneity is stocastic. This approach, as Aoki meme said
, does not consider the self-organizing characteristic that could be considered  one of main components of economic systems.
 It as not yet found its way in the OT arena, even if it seems very promissing. As conseguence
, we prefere to follow the methodological approach due to Naosumi Atoda & Toshiaki Tachibanaki. Therefore, we will concentrate on point b and c.
2 The difference in predictions that are obtained on models based on HA and RA
Generally, the OT's models with heterogeneous agents reach results very different from those of the models with representative agent.
 Ambler
 examined some recent work concerning the taxation on the capital income that, dropping the hypothesis of the representative agent, get findings that differe from traditional results.
We will consider only few examples taken from the cited works. 

2.1 The models with liquidity constraints
 
In the models of to access to the financial market with representative agent, the optimal long-term level of the public debt is in general negative, what permits to finance the future government's expenditures. Vice versa, Aiyagari and McGrattan (1995) introducing heterogeneity throught the different individuals' detention of governmental obligations obtained a different result. In fact, in their model, the optimal level of the public debt is positive. The logic is that if agents receive some idiosyncratic shocks to their incomes, the constraints of liquidity stop them from smoothing their consumption while borrowing on the financial market. The detention of governmental obligations can reduce these effects. This is based on the crowding out of capital by debt.
2.2 The models with overlapping generations 
There are two recent examples of overlapping generations models where the results differe from the RA results
. 
a) Erosa and Gervais (1998) analyze a problem of Ramsey (while supposing that the government can commit itself to his future actions) in a model where each cohort has a horizon of life of J periods (J being arbitrary). They consider the cases where rates of taxation can depend or no of age. They show: a) that it is not necessary to impose arbitrary restrictions on the rates of taxation in initial period; b) that the rates of taxation on the capital doesn't have to be zero, even in the long-term. This is in contrast with the result of Chamley-Judd. The logic is that the marginal utility of consume of the representative agent is constant in the the stationary state. In a model with overlapping generations (HA), this must not necessarily happen for the individuals of a given cohort. Therefore, the rate of taxation on the capital is not hopeless forcing and in the long-term the optimal rate of taxation on the capital will depend on dimension of variations of the marginal utility of the consumption. 
b) Ambler
 analyzes the optimal capital taxation policy in a model where the government cannot commit to respect his plans of future actions and obeys the principles of the dynamic programming
; each cohort has a life span of two periods. The presence of two generations (case of HA) implies.: a) a very elevated taxation rate is not optimal because it will redistribute too much income of the old toward the young
; b) as the capital is offered inelastically in the short-term, the rate of taxation on the capital income is positive even in the long-term. In fact, the government always has an incitement to impose the capital.
3 Theories of justice

The "optimum income taxation" is a normative theory. Of course, the OT is based on a theory of distributive justice. For example, Nagel and Murphy underline that: “It has been recognized for a long time that tax policy must take account of political morality, or justice. Though economic theory provides essential information about the likely effects of different possible schemes of taxation, it cannot by itself determine a choice among them. Anyone who advocates the tax policy that is, simply, “best for economic growth” or “most efficient” must provide not only an explanation of why the favored policy has those virtues, but also an argument of political morality that justifies the pursuit of growth or efficiency regardless of other social values.”
 The implications of different theories of distributive justice is is especially important if we want consider HA compared with RA. 
That this normative basis could be considered to reflect or not the used approach in many nations’ tax systems is controversial
. But, surely it has influence on public decision making.

Therefore, there has been an increasing research interest on the theoretical aspects of the equity-efficiency trade-off (see e.g., Wagstaff, 1991; Culyer and Wagstaff, 1991, 1993).
 However, beyond efficiency and equity, there is, an objective of giving priority depending on the severity levels of the “needs”. This seem to correspond with the interest to apply the theory of justice by Rawls to OT also underlined by economics literature on vertical equity (Culyer and Wagstaff, 1991, 1993). These three concerns, for efficiency, equity and severity, appear to be based on three respective theories of distributive justice; utilitarianism, egalitarianism and maximin
.

The literature in this field is extensive
. 
The theories of justice put different emphasis on the distributive and the procedural issues. While the former concentrate on the outcome of a distribution, i.e., which among the alternative solutions is considered the most just, the latter is concerned with the extent to which the procedures which lead to an outcome are just. This paper will focus on distributive justice.
Utilitarianism

For “Classical utilitarianism”
, human well-being are affected by pleasure and pain. Pleasure promotion and pain avoidance could be measured cardinally as a number of utils, and then, we can compare interpersonal utilities. "actions are right in proportion as they tend to promote happiness".

While Bentham seems to have taken a hedonistic view of what yields utility, Mill wants to give `higher pleasures' more weight than `lower pleasures' when estimating total utility. He might be interpreted as a first attempt in the utilitarian school to extract the type of utility, whose distribution is a societal concern. In fact he suggested some form of “quality adjusted utility”: "some kinds of pleasure are more desirable and valuable than others. …. It would be absurd that, …. the estimation of pleasure should be supposed to depend on quantity alone."

Egalitarianism

As with utilitarianism, egalitarianism has a consequensialistic orientation. The preferred solution is the one with the most equal distribution of the goods which are to be distributed (the distribuendum). According with the object of interest, we can speak about: a) general egalitarianism (income is the object); b) specific egalitarianism.

Strong egalitarianism involves everybody getting an identical share. Elster (1992) calls this type of egalitarianism “strongly envious” and distinguishes it from the Rawls-type egalitarianism of maximin, in which inequalities are accepted as long as they benefit the worst-off (or there is no way of further securing the worst-off).
 

Maximin (Rawls)

Although Rawls (1971) theory of justice is a theory for the distribution of primary goods
, and not utility, it is common to consider these goods as yielding utility and thereby compare a Rawlsian distribution with alternative distributions.

He is egalitarian at the off-set, but accepts inequality as long as it is not possible to further improve the situation for the worst off. His “difference principle” involves that every arrangement is evaluated in terms of the interest of the least advantaged. The principle is lexiographical, in that alternative arrangements are compared first from the interest of the least advantaged only. If they are equally badly off, then it is the situation for the second least advantaged that matters, etc. 

An essential aspect of the theory of Rawls is the procedure of entering a social contract behind the veil of ignorance. Rawls holds that in this original position the individuals will unanimously choose to maximize the primary goods for the worst off, the reason being that each individual will fear being the one who ends up in this position.

3.1 The preferred distributions

To highlights the differences among the suggestions about the  preferred distribution obtained on the base of utilitarianism, egalitarianism and maximin approach, we can start by considering two individuals (A and K) under the condition of: a) diminishing marginal utility; b) fixed total endowments of goods; and c) identical preferences.
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Fig. 1. Identical preferred distributions.




Fig. 1 Identical preferred distributions
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Fig. 2 The utilitarian points differs from maximin and the egalitarians
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Fig. 3. Three different preferred distributions.




Fig. 3 Three different preferred distributions

The concave curve of Fig. 1 is the utility possibility frontier which shows different combinations of maximum attainable utility for A and K. Since “more is better”, the further north-east on this figure, the better.
The preferred solutions for the three approaches are: A) The 45°-line from the origin is the egalitarian line, labeled E, shows all the points with equal utility between individuals. Egalitarians prefer points on the “utility possibility frontier” along this line. B) The L-shaped maximin line, labelled R for Rawls, shows all the points with present a larger utility for one of the individual maintaining fixed that of the other. C) Any point where the sum of the axis is equal is considered to be equally good and represents “Combinations which yield identical total utility”. The highest tangent is labeled B (for Bentham).

 Given the three conditions above are fulfilled, there is no difference between the theories in terms of their preferred distributive solutions.
 6

Vice versa, if we accept that individuals have different preferences, Utilitarians will opt for a different distribution than Rawlsians (and egalitarians). Assume that the utility possibility frontier changes to that of Fig. 2 (i.e., A is able to convert more utility from the goods). The utilitarian move to point B, while Rawlsians remain with the egalitarians, because a move towards point B involves that K will be made worse off.

Then, we relax also the assumption of a fixed total endowment, together with the equal preferences. The utility possibility frontier changes to that of Fig. 3 (GUFF - “the grand utility feasibility frontier”). The upward sloping and backward bending sections can be explained on the base of sympathy and fear of revolution
 or, for the first from the vertical axis to point R, the explanation can be centered on an incentive mechanism: “if more income/goods is positively related to ones' effort, and A… is the one who is more productive, then K… could be made better off if some of the increased production were redistributed from A… to K…”.
 

In this case, each of the three theories of justice prescribe a different preferred distribution: Equalitarian theory advocate a point E; Rawlsians would move E to R (also justified by the Pareto-criterion “the egalitarian Pareto-solution”), while Utilitarians would point to B (the loss to the worst off is less than the gain to the better off, and the total sum of utility increases). N is the elitistic maximax point.
 The Pareto-frontier is represented by the area [R-N]. Note that no ranking between points on this part can be made with reference to the Pareto-criterion.

On this base, if we disregard the Equalitarian case, and we accept the idea of cardinal utility, we could easily present an analytical general formulation of both the remaining cases. In fact, for choosing the points of type B identical weight must be assigned to the utility of each different individual; vice versa, for the Rawlsian case maximum weight must be given to the larger utilities. So, we can write:
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The intuitive problem with the maximin-solution is its disregard of the forgone utility gains to the better-off group from a marginal improvement for the worst-off. Is this a necessary consequence of the just procedure behind the veil of ignorance? Yes, according to Rawlsians; no, according to Utilitarians. Both agree as regards the importance of this “original position”; that individuals must abstract from selfish interests when judging what is the most just distribution.

4 Optimal nonlinear income taxation and heterogeneous preferences
4.1 Theoretical issues

We have adopted a nonlinear form. There are several strong reasons for doing this, even though the analysis, and the numerical calculations in particular, are more burden​some. First, the income tax function observed by data in many country fits a nonlinear form better than a linear one. This implies that there is both a basic allowance and a progressive parameter. 
4.2 Theoretical framework

The individual utility function, takes the Addi-log form given by 


Ui(Yi ,  Hi)
(1)

Ui(Yi ,  Hi) = (i ln Yi + (1- (i ) ln (1- Hi),

 
where Yi denotes the after-tax income for household i, Hi  (0 ( Hi ( 1) denotes working hours after some normalization, and therefore (1- Hi) denotes leisure. (i  (0 ( (i  ( 1) is a parameter, which signifies individual preferences between income and leisure. The individual budget constraint is given by:



Yi =  yi   - Ti  = Wi  Hi – Ti       
(2)
where  yi  is before-tax income for household i, Ti is the amount of income tax paid and Wi  yi is the fixed hourly wage rate.

We have to specify our income tax schedule. This is given by a nonlinear equation,
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where  k ( 1

This tax schedule is a simplified version of the more complex tax schedule given by Creedy and Gemmell (1982). Parameter a denotes a minimum taxable income level, and parameter k signifies a degree of tax progressivity. The greater the value of k, the more progressive the income tax schedule under a constant value of a.

Substituting (3) for Ti in (2), and solving the conditional maximization problem (utility maximization) for each individual i, we obtain the first-order conditions for the Addi-log form as follows:
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where Vi is the Lagrangean function and ( is the Lagrangean multiplier. The solutions of the simultaneous equations (4), (5) and (6) with respect to Ti , Hi and ( satisfy the optimal conditions under the given  ai, a, k and Wi. 

Nonlinearity makes it difficult to solve these simultaneous equations analytically. The following equation is an example of this impossibility with respect to Hi as a closed solution: Ti
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where (i =(1-(i)/(i.
Equation (7) is a nonlinear expression of Hi to the (k + 1)th degree. The numerical solution of this equation is presented later.

The labour supply solution is determined by equations (4), (5) and (6), and subsequently by (7). In other words, the amount of labour supplied by households that do not pay any tax (set (i)) is formally equivalent to the treatment of labour by members of households who do pay tax (set (ii)). 
The government behaviour. Following the typical formulation given by the literature, the government aims at maximizing a social welfare function, which is a compressed form as a sum of individual valuations (utilities). The shape of our social welfare function (SW) is a simple one:
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where ( is a preference parameter for social inequality, and s is the number of observations. The government is constrained by a budget condition which equates tax revenue to public expenditure. Finding the optimal income taxation structure and redistributing income within a fixed sum of tax revenue is in effect the same issue in this paper. The optimal income tax structure here is economically efficient in the sense of being a Pareto optimum for a given class of nonlinear schedules, but not for all possible schedules.
So we have: 
a) 
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where SWNR  is the social welfare function for the case of heterogeneous agents and SWR  is the social welfare function for the case of homogeneous agents.  

5 The simulation

5.1 The EBM simulation setting

Here, we are considering the Equation Based Modelling (EBM)
. We will simulate the model for the case of heterogeneous agents and compare its results with those of a representative agent model.

For each case, we will build the representative agent as presenting the main characteristics of the mean of heterogeneous agents (mean, distribution, etc.).

In order to derive the optimal income taxation structure by simulation, in the case heterogeneous agent, following the literature
, we must have some a-priori information about our agents. We need: a) the functional form of an individual utility function; b) the labor supply effect; c) the distribution of wages among individuals. We will generate the agents information randomly.

At the macroeconomic level we must know: a) the assignment or evaluation of a social welfare function (or a social objective function); b) the shape of the income tax schedule; c) government budget constraints and the supply of public goods. We will disregard the last point. We will fix the point a) in the parameter (, and the point b) in the parameter k.

On this base we will run the simulations. Of course our results are only exemplificative, and then they are useful only for highlighting that we could obtain very different results in the case of heterogeneous agents compared with the case of representative agent. For more conclusive results it seems possible to use the methodology highlighted by Lane
. But, this is over the limits of this work.
5.2 Numerical calculations

Six factors have to be known in order to derive the optimal income taxation structure: (1) the functional form of an individual utility function; (2) the labour supply effect; (3) the assignment or evaluation of a social welfare function (or a social objective function); (4) the shape of the income tax schedule; (5) government budget constraints and the supply of public goods; and (6) the distribution of wages among individuals.

We pays particular attention to factors (1), (2), (4) and (6). We use the Addi-log form for (1). Factor (2) is strictly related to (1). The relationship between the optimal income tax structure and income distribution between skilled and unskilled labour is examined later in connection with factor (6). We pay special attention to the shape of an income tax schedule (4).

The "regular falsi method" could be applied to solve the nonlinear equation (7). The Davidon-Fletcher-Powell method or similar Quasi Newton Methods could be applied to maximize the social welfare function.

To reduce the system at a manageable dimension we considered only 10 different agents (or group of agents). Each one has its proper: a) preferences for work and leisure; b) skills; c) income. Preferences and skills were obtained on the base of a random generator. Of course, we captured the generated results to avoid that during each simulation’s stage the original data characterising our HAs would change. The hourly salary being fixed for the whole economy.

This is a 3 pass procedure. 

1) The first task is to estimate the values of skill level ni and (i for each individual for the Addi-log form to determine the optimal taxation. The higher the value of (i, the larger the labour supply elasticity. We assume heterogeneous value of (i. On this base we calculated the optimal choice of each agent for varying levels of taxation. The choice that maximize its utility. 

We had to calculate the “Amount of total income potentially gained by each agent on the base of his skill at different hours worked”; so, we calculate the “Tax due by each agent according with the income potentially gained and the fiscal regime”, and then, on this base we obtained the “Amount of potential utility obtained by each agent on the base of his skill at different hours worked”; This was calculated for both the case of HA and RA (See Table 1 for the beginning of the spreadsheet for the HA case).

For the case of Representative Agent (homogeneity case) we considered that RA has preferences and skills the correspond to the mean of preferences and skills of the community of our HAs. These values were used to calculate the “Amount of potential utility obtained by each agent on the base of his skill at different hours worked”. Obviously, we considered RA-economy constituted by the same number of individuals (10) for obtaining a comparable result.
2) On this base, in the hypothesis of identical fiscal structure (fixing the parameter a and the rate t) we calculated the optimal choices of each HA and of RA. This is only an intermediate procedural necessity for the simulation. We obtained in this way the “Amount of hours of work chosen by each agent according with personal preferences”; the“Amount of tax payed by each agent on the base of real income gained and fiscal structure”; and then, the “Amount of utility obtained by each agent” (See Table 2 for the beginning of the spreadsheet for the HA case).

3) The government has to maximize the Agents’ total utility modifying the structure of fiscal system. Of course, this governmental choice is taken on the presumption that each Agent will adjust his working effort according with his preferences. We considered both a Benthamian and a Rawlsian preference for utility distribution. Using the function SW derived in advance, we pose the control variable ( = 1 (Benthamian case) and ( = 500 (an approximation of Rawlsian case). 

Since, for comparing the results we have to fix one side of our problem, we decided to impose the condition that the “after simulation’s total amount of taxation” is identical for both HA and RA cases. 

The simulation showed that the same amount of total taxation give rise to a different amount of Social Welfare. Many different trials were made, always obtaining the same kind of result. Therefore, the result seems to be strong. To avoid information overload, in Tab.3 we showed one simulation’s result only.

6  Summary and Conclusion 
This paper has presented nonlinear optimal income taxation structure under hetero​geneous preferences between income and leisure by individuals. So, income tax system was evaluated using a nonlinear optimal income taxation structure under the assumption of heterogeneous preferences between income and leisure among individuals and compared with RA result. 

The obtained results seem very interesting; in fact, they suffragate the idea current in a large part of  modern economic literature of inefficiency of RA models. This is so much important when normative conclusions, like OT, must be drawn. But, the paper has several limitations. First, it would be desirable to make a more sophisticated model (according Lane suggestions) to obtain more general rules for the different effects we can obtain in the two hypotheses (HA & RA). Second, the possibility to use real data for obtaining practical suggestions will be of great interest. An other possible ameilorement is to explicitly consider the effect of public goods and changes in the budget constraint of the government. Last, but not least, there is the possibility to take into account the fact that Agents are interrelated.
To our opinion, the use of the models with representative agent to analyze the optimal taxation produced interesting results from a theoretical viewpoint. However, it seems possible to move from this model. In fact, the technical progress in economic theory now permits to numerically simulate the very complex models with heterogeneous agents, and better explain the effect of policies and to lead to concrete recommendations.
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	19,94
	

	7
	
	
	
	T7 nl
	0,00
	0,00
	6,65
	19,74
	32,83
	45,92
	59,01
	72,10
	85,19
	98,29
	111,38
	124,47
	137,56
	150,65
	163,74
	176,83
	189,93
	

	8
	
	
	
	T8 nl
	0,00
	0,00
	0,00
	0,00
	0,00
	0,00
	0,15
	3,44
	6,72
	10,00
	13,28
	16,56
	19,85
	23,13
	26,41
	29,69
	32,97
	

	9
	
	
	
	T9 nl
	0,00
	0,00
	12,56
	28,61
	44,66
	60,71
	76,76
	92,81
	108,86
	124,91
	140,96
	157,01
	173,06
	189,11
	205,16
	221,21
	237,26
	

	10
	
	
	
	T10 nl
	0,00
	0,00
	10,24
	25,13
	40,02
	54,90
	69,79
	84,68
	99,57
	114,46
	129,34
	144,23
	159,12
	174,01
	188,90
	203,78
	218,67
	

	
	
	
	
	ti eff
	0,00
	0,00
	0,25
	0,38
	0,45
	0,49
	0,52
	0,54
	0,55
	0,56
	0,57
	0,58
	0,58
	0,59
	0,59
	0,60
	0,60
	Max

	Agent
	ai=
	ai const=
	
	Amount of potential utility obtained by each agent
	
	
	
	
	
	
	Value

	1
	0,563
	0,184
	
	U1
	0,00
	0,54
	0,55
	0,53
	0,50
	0,45
	0,40
	0,33
	0,26
	0,17
	0,06
	-0,08
	-0,25
	-0,47
	-0,79
	-1,34
	0,00
	0,55

	2
	0,072
	0,480
	
	U2
	0,00
	0,66
	0,96
	1,12
	1,21
	1,27
	1,31
	1,33
	1,29
	1,25
	1,19
	1,11
	1,02
	0,89
	0,69
	0,35
	0,00
	1,33

	3
	0,479
	0,015
	
	U3
	0,00
	-0,02
	-0,08
	-0,15
	-0,22
	-0,31
	-0,40
	-0,50
	-0,62
	-0,75
	-0,90
	-1,08
	-1,29
	-1,58
	-1,98
	-2,66
	0,00
	0,00

	4
	0,346
	0,077
	
	U4
	0,00
	0,02
	0,01
	-0,03
	-0,08
	-0,14
	-0,21
	-0,30
	-0,40
	-0,51
	-0,65
	-0,81
	-1,01
	-1,28
	-1,65
	-2,29
	0,00
	0,02

	5
	0,237
	0,207
	
	U5
	0,00
	0,50
	0,59
	0,57
	0,54
	0,49
	0,44
	0,37
	0,30
	0,21
	0,10
	-0,03
	-0,19
	-0,41
	-0,71
	-1,25
	0,00
	0,59

	6
	0,959
	0,716
	
	U6
	0,00
	0,94
	1,41
	1,68
	1,86
	2,00
	2,10
	2,18
	2,24
	2,23
	2,22
	2,20
	2,16
	2,10
	2,01
	1,84
	0,00
	2,24

	7
	0,677
	0,281
	
	U7
	0,00
	0,80
	0,89
	0,89
	0,88
	0,85
	0,82
	0,77
	0,72
	0,65
	0,56
	0,45
	0,31
	0,12
	-0,16
	-0,64
	0,00
	0,89

	8
	0,602
	0,780
	
	U8
	0,00
	1,25
	1,77
	2,07
	2,28
	2,43
	2,55
	2,57
	2,59
	2,60
	2,60
	2,60
	2,58
	2,55
	2,50
	2,37
	0,00
	2,60

	9
	0,955
	0,032
	
	U9
	0,00
	0,04
	-0,01
	-0,08
	-0,15
	-0,23
	-0,32
	-0,42
	-0,53
	-0,65
	-0,80
	-0,98
	-1,19
	-1,47
	-1,86
	-2,53
	0,00
	0,04

	10
	0,606
	0,228
	
	U10
	0,00
	0,66
	0,71
	0,70
	0,68
	0,64
	0,60
	0,54
	0,48
	0,39
	0,29
	0,17
	0,01
	-0,19
	-0,49
	-1,01
	0,00
	0,71


	
	
	Individual Optimization
	 

	Agent
	
	Amount of hours of work chosen by each agent according with personal preferences
	Choice

	1
	H1 nl
	0
	0
	0,125
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0,13

	2
	H2 nl
	0
	0
	0
	0
	0
	0
	0
	0,438
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0,44

	3
	H3 nl
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	1
	1,00

	4
	H4 nl
	0
	0,063
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0,06

	5
	H5 nl
	0
	0
	0,125
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0,13

	6
	H6 nl
	0
	0
	0
	0
	0
	0
	0
	0
	0,500
	0
	0
	0
	0
	0
	0
	0
	0
	0,50

	7
	H7 nl
	0
	0
	0,125
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0,13

	8
	H8 nl
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0,625
	0
	0
	0
	0
	0
	0
	0,63

	9
	H9 nl
	0
	0,063
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0,06

	10
	H10 nl
	0
	0
	0,125
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0,13

	Agent
	
	Amount of tax payed by each agent on the base of real income gained and fiscal structure
	 

	1
	T1 nl eff
	0
	0
	12,300
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	12,30

	2
	T2 nl eff
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0,00

	3
	T3 nl eff
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	249,680
	249,68

	4
	T4 nl eff
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0,00

	5
	T5 nl eff
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0,00

	6
	T6 nl eff
	0
	0
	0
	0
	0
	0
	0
	0
	0,200
	0
	0
	0
	0
	0
	0
	0
	0
	0,20

	7
	T7 nl eff
	0
	0
	6,647
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	6,65

	8
	T8 nl eff
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	13,282
	0
	0
	0
	0
	0
	0
	13,28

	9
	T9 nl eff
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0,00

	10
	T10 nl eff
	0
	0
	10,240
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	10,24

	Agent
	
	Amount of utility obtained by each agent
	

	1
	U1 nl
	0
	0
	0,553
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0,55

	2
	U2 nl
	0
	0
	0
	0
	0
	0
	0
	1,332
	0
	0
	0
	0
	0
	0
	0
	0
	0
	1,33

	3
	U3 nl
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0,00

	4
	U4 nl
	0
	0,021
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0,02

	5
	U5 nl
	0
	0
	0,593
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0,59

	6
	U6 nl
	0
	0
	0
	0
	0
	0
	0
	0
	2,241
	0
	0
	0
	0
	0
	0
	0
	0
	2,24

	7
	U7 nl
	0
	0
	0,891
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0,89

	8
	U8 nl
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	2,600
	0
	0
	0
	0
	0
	0
	2,60

	9
	U9 nl
	0
	0,039
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0,04

	10
	U10 nl
	0
	0
	0,712
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0,71


	Simulation’s result

n. of Agents=10

	
	
	Cella
	Nome
	Valori originali
	Valore finale

	
	
	$J$207
	DSW= Ti=
	105,9181049
	-0,096119971

	Celle variabili

	
	Cella
	Nome
	Valori originali
	
	Valore finale

	
	$H$134
	Pref. m.= a
	30
	
	29,99553961


	
	$I$134
	tax = ti
	0,5
	
	0,651303746

	
	$H$60
	Pref. a
	30
	
	30,00382319

	
	$I$60
	tax = ti
	0,5
	
	0,078732697

	
	
	
	
	
	

	
	
	1
	500
	
	

	
	SWh=
	9,017777129
	9,65E+204
	Th tot=
	35,56016

	
	
	
	
	
	

	
	SWr=
	11,61562884
	6,64348E+30
	Ttot=
	35,46404

	
	
	
	
	
	

	
	diff.SW=
	3E+00
	-1E+205
	
	-0,09612


� For the difference between Equation Based Modelling and Agent Based Modelling (ABM) and their different use see Axtell. (1997), Epstein and Axtell (1996). A survey of the litterature is in Faggini, Salzano (2002) § 3.


� Of course, there are some few ecceptions.


� Ambler (1999a). 


� M. Golosov, N. Kocherlakota and A. Tsyvinski (2001).


� Steve Ambler (1999a).


� M. Golosov, N. Kocherlakota and A. Tsyvinski (2001).


� See T. Groves, et. al. (1987), expecially the article by  Groves, T., and J. Ledyard, (1987),  and references here cited, 


� See Alchian (1950), p. 213 footnote 3.


� Ambler (1999a)


� Ambler (1999a)) Trieste highlights that : «From a normative viewpoint, idea to reduce the rates of taxation on the capital (physical and human) to zero risks to meet a large scepticism at the political decision-makers.”


� Kirman (1989).


� Naosumi Atoda & Toshiaki Tachibanaki (2001).


� Steve Ambler (1999a).


� Rio-Rull (1995)


� Ambler (1999a).


� For the implication of representative and heterogeneous agent hypothesis for economic modelling, see: A. Kirman (1989)  and Gallegati Kirman, After the Representative agent, (2001).


� Kirman (1989).


� Aiyagari and McGrattan (1995).


� Golosov M.; N. Kocherlakota. and A.Tsyvinski (2001).


� Renström, (1997). 


� Fleurbaey, M. and Maniquet, F. (1998).


� Balestrino, A., Cigno, A. and Pettini (1999).


� Steve Ambler (1999a).


� See: http://www.dur.ac.uk/t.i.renstrom/research/olg_tax.pdf:  Renström T. I. (2000): On Optimal Taxation in Overlapping Generations economies; 


� Integrated from original: Renström (2000).


� They are all, more or less, applications of the Diamond (1965) approach. See Ronstom and Ambler (cit.) for more details.


� Bassetto M. (1999) studies the “taxpayers, who bear the burden of taxes, opposed to the “rentiers”. “With constant government spending, I show that tax smoothing is beneficial to the taxpayers, but that the rentiers would achieve a higher welfare if the government varied tax rates over time. The traditional, representative-agent analysis of this model concludes that a constant tax rate is optimal because it minimizes the distortions caused by taxation. With heterogeneous agents, when the tax rate is higher the taxpayers borrow from the rentiers, whereas the opposite happens when the tax rate is low. A varying tax rate, furthermore, affects the prices in a way that favors the rentiers and harms the taxpayers. This is the source of the distributional conflict. When government spending varies over time, the taxpayers favor large deficits in periods of high spending. Government spending is ultimately paid for by the taxpayers; when it is temporarily high, they need to borrow, either directly or through government debt backed by future tax revenues. A lower tax rate (i.e., a larger deficit) affects prices so that the taxpayers borrow at more favorable terms.”


� Naosumi Atoda & Toshiaki Tachibanaki (2001).


� For the peculiar characteristic of leisure see Kolm.


� See Aoki (     ), Introduction


� See also: Árpád Ábrahám (2001).


� Even if we are strongly simphatetic with this approach for its making large use of mechanical statistics. See the works by Marsili (2001) and Iori (2001)


� The exception is the model of Judd (1985) [heterogeneity comes from the initial wealth of the agents].


� Ambler (1999a)


� Steve Ambler (1999a).


� Steve Ambler (1999a).


� Steve Ambler (1999).


� Therefore, its optimal policy is coherent in the time by construction.


� So, as consequence of HA, it is not necessary to impose an arbitrary restriction on the initial taxation rate on the capital income .


� T. Nagel  L. Murphy (2002). In a note they highligth: “That justice in taxation consists in a fair distribution of tax burdens seems still to be the dominant view of public finance economists; see, e.g., Slemrod and Bakija (2000), chap. 3; Bradford (1986), chap. 8; Stiglitz (2000), chap. 17. It is also taken for granted in polemical texts such as Hall and Rabushka (1995). But this approach has also come in for strong criticism, at least since the late nineteenth century; see Wicksell (1896). For more recent works, see, e.g., Gordon (1972); Bankman and Griffith (1987); Griffith (1993); Kornhauser (1996a); Fried (1999a). See also Kaplow (1989, 1995a, and forthcoming). While we agree with Kaplow that traditional tax equity norms ought to be abandoned, we do not accept his argument that utilitarianism, or some other weighted measure of total individual welfare, should be the sole guide in tax policy. Kaplow has recently extended his defense of welfarism to cover all areas of public policy; see Kaplow and Shavell (2001). As the next chapter will make clear, while we agree with Kaplow and Shavell that overall social outcomes are very important, we do not share their view that the only relevant consideration for the assessment of a legal rule or social policy is its effect on individuals’ welfare.” They refere to Seligman (1908) for an historical account of the political morality strand of tax policy analysis up to the end of the nineteenth century. [See the original work for the references].


� See ….


� See: Jan Abel Olsen (1997).


� Clark has shown that cooperative game theory certainly offers alternative solutions to those which follow from the theories of justice. See: Jan Abel Olsen (1997).


� See: the books by Elster, 1992; Sen, 1992; Young, 1994 and the review by Hausman and McPherson, 1993.


� Classical utilitarism is usually associated with the works of Jeremy Bentham, and was later particular developed by Mill (1861) in his classical pamphlet Utilitarianism.


� When only consequences matter, it is easy to imagine actions which may increase the total utility, but which do not correspond with `a commonsense conception of justice'. But, virtually all utilitarians defend the rule-oriented rather than the act-oriented version' (Elster, 1992).


� Strong egalitarianism seems absurd, It involves that a situation in which two individuals are in an equally bad welfare state is considered better than the situation in which only one is in that state and the other is fit and wealthy. Hence, maximin emerges as a more sensible rule than strong egalitarianism [see: Jan Abel Olsen (1997)]. But, if we have some social rule that impose the elimination of less lucky ( « Rupe di Arpea, or relative income rule, in which prices and opportunities are connected with relatives conditions) it could seem less absurd.


� Primary goods, are a composition of rights and justice, power and opportunities, income and welfare.


� It is from these assumptions that the egalitarian implication of utilitarianism is noted, i.e., greatest happiness with an equal distribution.


� See: Ng (1983).


� See: Jan Abel Olsen (1997).


� N is sometimes referred to as `the Nietzsche distribution' after the German philosopher Friedrich W. Nietzsche (1844-1900).


� For the difference between Equation Based Modelling and Agent Based Modelling (ABM) and their different use a sintetic survey of the litterature is in Faggini & Salzano (2002) §3. See also the large bibliography here cited.


� See Atoda Naosum & Toshiaki Tachibanaki (2001).


� See: Lane D. (2002).
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