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Abstract: In this paper, we present the main components of a software toolbox supporting a constructive framework for the design of efficient time series forecasters proposed by our group that integrates many contributions from the fields of neural networks, dynamical system theory and signal analysis. In this approach, the original signal is decomposed in reconstructed waves, using the Singular Spectrum Analysis and then, for each reconstructed wave we design and train a Multi-Layer Perceptron predictor using suggestions from dynamical systems theory. In the operational phase the prediction of the original signal is obtained as the sum of the predictions of individual reconstructed waves. This forecasting approach has been successfully applied to daily rainfall forecasting in the Tiber river basin, and in this paper we choose this test-case for elucidate how to use the software toolbox.
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1. Introduction

In the last few years, some relevant contributions from the fields of neural networks, dynamical system theory, signal analysis have been integrated by our group in a powerful constructive framework for the design of efficient time series predictors (Studer and Masulli 1997; Parenti et al. 1997; Masulli et al. 1999, 2000).

In particular, the universal functions approximation property of neural networks and fuzzy systems (Cybenko 1989; Wang and Mendel 1992) is the theoretical support to the usage of such kind of learning machines as time series predictors. However, from theory no suggestions can be obtained in order to size the structure of those systems. The neural network theory gives only general suggestions in order to choose their parameters, such as, in the case of multi-layer perceptrons (MLPs), the number of units in the input layer, the sampling time of the series, and the number and dimensions of hidden layers.

The constructive approach proposed by our group to shaping a supervised neural model of a non-linear process is based on theoretical results and heuristics related to the delay-embedding theorem (Takens 1981; Mãné 1981) and on an unsupervised preprocessing based on the Singular-Spectrum Analysis (SSA) (Kumaresan and Tuffs 1980; Pike et al. 1984; Vautard et al. 1992). This approach has been successfully applied in the design of multi-layer perceptrons and Neuro-Fuzzy systems for simulated non-linear and chaotic signal prediction (Studer and Masulli 1997; Parenti et al. 1997), system identification (Masulli et al. 1999), and daily rainfall forecasting (Masulli et al. 2000, Cicioni and Masulli, 2000). The application to daily rainfall forecasting, where our approach obtains a mean square error (MSE) of 1-2 mm of rain, is particularly interesting, as the signal of interest is discontinuous and intermittent, and classical approaches obtained no useful results before.

In this paper we present the main components of a software toolbox we have developed in the MATLAB © environment to support the constructive approach to complex signal prediction, and we show how we applied this software to daily rainfall forecasting in the Tiber river basin.

In the next section we draw a synthetic description of our approach to complex signal prediction. In Sec. 3 we present the software toolbox. An Application to the Tiber river basin rainfall data set is presented in Sect. 4. In Sec. 5 we give the conclusions of this work.

2. Constructive approach to complex signal prediction

In (Studer and Masulli 1997; Parenti et al. 1997; Masulli et al. 1999, 2000), we have proposed a constructive approach to shaping a supervised neural model of a non-linear process based on two main steps:

· Unsupervised decomposition: The original signal is decomposed in reconstructed waves (RWs), using the Singular Spectrum Analysis (SSA) (Kumaresan and Tuffs 1980; Pike et al. 1984; Vautard et al. 1992);

· Supervised learning: For each RW we design and train a MLP predictor using suggestions from dynamical systems theory (Takens 1981; Mãné 1981; Abarbanel 1994).

In the operational phase the prediction of the original signal is obtained as the sum of the predictions of individual RWs.

Note that the unsupervised decomposition step is need only for complex signals. In facts, the application to prediction of neural networks or fuzzy systems is supported on their universal function approximation properties (Cybenko 1989, Wang and Mendel 1992) that hold only for continuous maps. Then, in the case of discontinuous or intermittent signals is useful to apply to them the unsupervised decomposition step (Masulli et al. 2000), based on the Singular Spectrum Analysis method. The cornerstone of SSA is the Karhunen-Loève expansion or Principal Component Analysis (Therrien 1989) that is based on the eigenvalues problem of the lagged covariance matrix. Concerning the application of SSA to prediction, it is supported by the following argument. Since the principal component (PC) is filtered version of the signal and typically band-limited, their behavior is more regular than that of the raw series, and hence more predictable. Vautard and Ghil (1989), Vautard et al. (1992) fit an auto-regressive (AR) model for each individual PC using the AR coefficient estimate of Burg (1978), while Lisi et al. (1995) use multi-layer perceptrons  in order to predict the PCs.

In our approach (Masulli et al. 2000), in order to reduce the computational costs, we decompose the raw series in reconstructed waves (RWs) corresponding to SSA subspaces equivalent to similar explained variance and we predict the RWs using multi-layer perceptrons. Often, the reconstructed waves (RWs) are enough regular and then can be predicted separately. The prediction of the original series can be then recovered as the sum of those of all the individual series components.

The supervised learning step is supported on results and prescriptions related to the delay-embedding theorem (Takens 1981; Mãné 1981) that allow us to size the input layer of the MLP predictor of a reconstructed wave as the embedding dimension of the dynamical system that we can estimate using, e.g., the Global False Nearest Neighbors (FNN) method (Abarbanel 1996), while the time lag of the input can be selected as the first minimum of the average mutual information of the signal (Fraser and Swinney 1986; Vastano and  Rahman  1989; Abarbanel 1996). 

It is worth  noting that the estimation for the time lag based on mutual information is not supported from theory, and must be validated experimentally (Studer and Masulli 1997). On the other hand, as shown by the Statistical Learning Theory (Vapnik 1996), for limited data sets, under the same performances on the training set, the best generalization can be obtained with learning machines of limited complexity. This theoretical result leads, sometimes, to select MLP with input layers smaller than the embedding dimension of the dynamical system. Anyway, the FNN technique gives a reasonable starting point for the search of the optimal structure of the predictor.

3. The software toolbox

We have developed a MATLAB toolbox supporting the constructive approach to complex signal prediction described in the previous Section. The most computational intensive modules have been written in C language and integrated in MATLAB as .mex files. In this section we present the principal modules included in the software toolbox.

3.1 SSA module

This module decomposes a discontinuous or intermittent raw series in a set of regular series using the Singular-Spectrum Analysis (SSA) (Kumaresan and Tuffs 1980; Pike et al. 1984; Vautard et al. 1992). In SSA, the state vectors 
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-dimensional  windows (augmented vectors) of the time series 
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. The original series can be expanded with respect to the orthonormal basis corresponding to the eigenvectors of the lagged covariance matrix
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, i.e., as the Karhunen-Loève expansion or Principal Component Analysis (Therrien 1989):
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where 
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holds. It is worth noting that SSA does not resolve periods longer than the window length 
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. Hence, if we want to reconstruct a strange attractor whose spectrum includes periods of arbitrary length, the large 
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 as, otherwise, statistical errors could dominate the last values of the auto-covariance function (Vautard et al. 1992).

Following Vautard and Ghil (Vautard et al. 1992), suppose we want to reconstruct the original signal 
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 starting from a SSA subspace ( of 
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eigenvectors. This problem can be formalized as the search for a series 
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 that is the closest, in the least-squares sense, to the projection of the augmented series 
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 onto EOFs with indices belonging to (. The solution of this problem is given by
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When ( consists on a single index 
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In particular the series 
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can be expanded as the sum of its RCs:
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If we truncate this sum to an assigned number of RCs, the explained variance of the related augmented vector 
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 is the sum of the eigenvalues associated to those RCs, while the estimation of the resulting reconstruction error is the sum of the eigenvalues corresponding to the remaining RCs. As a consequence, it is suitable to order the RCs following the value of the eigenvalues.

Let be 
[image: image30.wmf]L

 disjoint subspaces 
[image: image31.wmf]L

Q

Q

Q

...,

,

,

2

1

, then a reconstructed wave (RW) is defined as


[image: image32.wmf]L

l

s

RW

l

k

k

l

£

£

=

å

Î

1

,

ˆ

Q

                                  (6)

Then, from Eq.s 5 and 6, we obtain:
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that says that the original series 
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 can be recovered as the sum of all the individual RWs.
3.2 MI module 

This module estimates the normalized embedding delay 
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 that is a candidate for the interval between the components of the state vectors that will be input to the neural network model of the non-linear dynamical process.

The delay-embedding theorem (Takens 1981; Mãné 1981) do not give any support in order to choose the normalized embedding delay 
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 so long as the available series is infinitely long. In practice, if the normalized embedding delay 
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 are not correlated (this happens in particular for chaotic systems, for which even two initially close chaotic trajectories diverge exponentially in time) and then, in general, the dynamical system can not be reconstructed. If 
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 is too short, every sample is essentially a copy of the previous one, bringing very little information on the dynamical system. Then 
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 should be large enough for the samples to be essentially independent of each other so as to serve as coordinates of the reconstruction space, but not so independent as to have no correlation with each other. This requirement is best satisfied by using the particular 
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 (Fraser and Swinney 1986; Vastano and Rahman 1989; Abarbanel 1996) that is defined as
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where 
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 are probabilities distributions based on frequency observations. As this criteria is not theoretical derived, it can fail in many practical applications, see, e.g., (Studer and Masulli 1997), and the optimal value for 
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 should be evaluated experimentally.

3.3 FNN module

This module estimates the embedding dimension 
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 of the attractor that generates the time series. This value will be used as the sufficient dimension of then input layer of the multi-layer perceptron to be used as predictor, as it is high enough that the deterministic part of the dynamics of the system is unfold.

The embedding dimension 
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 is defined as the lowest (integer) dimension which unfolds the attractor, i.e., as the minimal dimension for which foldings due to the projection of the attractor in a lower dimensional space are avoided. The delay-embedding theorem (Takens 1981; Mãné 1981) guarantees that if the counting box dimension of the attractor is 
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 can be estimated directly from the time series itself, but this task is very sensitive to the noise and needs large set of data points (order of 
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In the FNN module we estimate 
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using the method of false nearest neighbors proposed by Abarbanel (1996) that we describe hereby.

Given a data space reconstruction in dimension 
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then
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It is worth  noting that, as we go to higher dimensional spaces the volume available for data grows as the distance to the power of dimension, and no near neighbor will be classified close neighbor (curse of dimensionality problem). In this case we can modify the Eq. 10 as
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where 
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 is the nominal “radius” of the attractor defined as the root mean-square (RMS) error value of data about its mean, i.e.:
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Using k-d tree search scheme (Friedman et al. 1977; Sproull 1991), establishing the neighbor relationships among
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In our implementation we have used the faster algorithm for nearest neighbor search proposed by Nene and Nayar (1997).  This algorithm finds  in the point set the point that is closest to a novel query point 
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 is typically small, the number of points inside the cube is also small. The closest point can then be found by performing an exhaustive search on these points. If there are not points inside the cube, we know that there are not points within 
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More in details, the candidate list can be found as follows: We first find points in the point set that lie between a pair of parallel hyperplanes separated by a distance 
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 binary searches (Aho et al. 1974) on an ordered set that is a simple pre-compiled data structure obtained from the point set made up by 
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 sorted arrays, where the 
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th coordinate of the points. The algorithm uses also two integer arrays: A backward map that maps a coordinate in the ordered set to the corresponding coordinate in the point set and the forward map that maps a point in the point set to a point in the ordered set.

In our implementation we use an adaptive 
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, as we must find at least one nearest point to the novel point. We start with a small value of 
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, and  we study the FNNs in the associate candidate list.

3.4 MLP module

This module implements a standard multi-layer perceptron with sigmoidal activation function (Haykin 1998) with back-propagation learning algorithm (Rumhelart et al. 1986) with momentum (Vogl et al. 1988) and early stopping criteria based on the best generalization obtained on a validation set disjoint on the training set used for training. Another disjoint set of data (test set) is used after training for evaluate the network’s performances.

4. Putting it all together: An Application to the Tiber river basin rainfall data set 

In this section we illustrate in a specific case the application of our software toolbox to the prediction of rainfall in a river basin. For details see Cicioni and Masulli (2000) and Masulli et al. (2000).

The data series is the average rainfall series (that we call Mean Station or MS) obtained from the rainfall intensities series collected by 135 stations distributed in the Tiber river basin for a period of 10 years (01/01/1958 - 12/31/1967).  In figure 1 we illustrate a window on the period 07/01/66 - 12/30/66 that enlightens the discontinuity and intermittence of this signal. 

From the MI module, we obtained the average mutual information of the MS series. Its first minimum gives an estimation of the time lag 
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 equal to 7. This time lag was then used for the computation of Global False Nearest Neighbors, using the FNN module. The FNN ratio untill a dimension equal to 6  decreases with the growing of the dimension, and then reaches a plateau of 20%. The estimated embedding dimension is then dE = 6.

The results obtained from raw MS data using the neural of the MLP module sized with the results of previous processing, were very poor, due to the discontinuity of the hydrological variable. Then, we applied the Singular-Spectrum Analysis to the first 3000 samples of the MS series using a window length M = 182 days (SSA module). In this way, from the original MS series we obtain 10 waves (
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Figure 1: Mean Station: Daily rain millimeters. Period 07/01/66 - 12/30/66.

The best results for each RW have been obtained using as inputs windows of 5 consecutive elements and two hidden layers. As each wave contains 3652 daily samples, in our case for each wave we obtained a data set of 3645 associative couples, each of them consisting of a window of 5 consecutive elements, as input, and the next day rainfall intensity, as output. Each MLP was trained using a training set corresponding to the first 2000 associative. The following 1000 associative couples constitute the validation sets, while the remaining 645 constitute the test sets. 

The sum of the predictions of the 10 waves at 1 day ahead is very satisfactory, as for the resulting MS prediction the Mean Square Error (MSE) on the test set is .95 mm of rain, while the Maximum Absolute Error is 6.47 mm, i.e., the predicted signal is substantially coincident with the measured MS rainfall intensity signal (see figure 2). 

[image: image113.wmf]
Figure 2: Mean Station: scatter plot for one-day ahead forecasting.

Moreover, we notice that preliminary results for the forecasting of the rainfall series of individual stations are also in good agreement with data.

5. Conclusions

In this paper, we have presented the main components of a software toolbox integrated in the MATLAB  environment supporting a constructive framework for the design of efficient time series forecasters proposed by our group that integrates many contributions from the fields of neural networks, dynamical system theory and signal analysis (Studer and Masulli 1997; Parenti et al. 1997; Masulli et al. 1999, 2000). The steps of the constructive approach to shaping a supervised neural model of a non-linear process based are:

· Unsupervised decomposition: The original signal is decomposed in reconstructed waves (RWs), using the Singular Spectrum Analysis (SSA) (Kumaresan and Tuffs 1980; Pike et al. 1984; Vautard et al. 1992);

· Supervised learning: For each RW we design and train a MLP predictor using suggestions from dynamical systems theory (Takens 1981; Mãné 1981; Abarbanel 1994).

In the operational phase the prediction of the original signal is obtained as the sum of the predictions of individual RWs.

Details on the implementation of the main software modules are presented. In particular the speed-up obtained by the application of the algorithm by Nene and Nayar (1997) in the implementation of the method of false nearest neighbors is noticeable.

This forecasting approach has been successfully applied to daily rainfall forecasting in the Tiber river basin (Cicioni and Masulli 2000, Masulli et al. 2000), and in this paper we chosen this test-case for elucidate how to use the software toolbox.
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